Introduction and main results {#Sec1}
=============================

In this paper, we restrict ourselves to considering convex bodies in the Euclidean plane $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{2}$\end{document}$. A set *K* is convex if, for any two points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x, y\in K$\end{document}$, the line segment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\overline{xy}$\end{document}$ joining *x* and *y* is contained in *K*, that is, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(1-t)x+ty\in K, \quad 0\leq t \leq1. $$\end{document}$$ A compact convex set with non-empty interior is called a convex body. A convex body without corner points and line segments on the boundary is called an oval body.
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Being of considerable interest, for example, in studying the growth of crystals, the Wulff flow originated from the unit-speed outward normal flow. Given a planar convex domain *K* of area $\documentclass[12pt]{minimal}
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During the 1920s, Bonnesen proved a series of inequalities of the form $$\documentclass[12pt]{minimal}
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If instead *K* grows by varying the outward normal speed to be a function $\documentclass[12pt]{minimal}
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We first prove the following Wulff isoperimetric inequality: $$\documentclass[12pt]{minimal}
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Our main results are the following.
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Bonnesen-style Wulff isoperimetric inequalities {#Sec3}
===============================================

To prove our main results, we need the following lemmas.

Lemma 1 {#FPar4}
-------
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Remark {#FPar8}
------

Inequality ([26](#Equ26){ref-type=""}) has been mentioned in Green and Osher's work (cf. \[[@CR1]\]) without proof. For general convex bodies, Luo, Xu and Zhou \[[@CR17]\] have also obtained inequality ([26](#Equ26){ref-type=""}) by the integral geometry method. However, it is difficult to obtain the equality condition of inequality ([26](#Equ26){ref-type=""}) for general convex bodies. Via the method of convex geometric analysis, a complete proof of inequality ([26](#Equ26){ref-type=""}) with equality condition is given in \[[@CR9]\].
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Corollary 1 {#FPar9}
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Proof of Theorem [1](#FPar1){ref-type="sec"} {#FPar10}
--------------------------------------------
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Inequalities ([30](#Equ30){ref-type=""}), ([31](#Equ31){ref-type=""}) can also be rewritten, respectively, as follows: $$\documentclass[12pt]{minimal}
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Corollary 2 {#FPar11}
-----------
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It should be noted that ([32](#Equ32){ref-type=""}) is obtained in \[[@CR24]\], which is stronger than the Bonnesen isoperimetric inequality ([4](#Equ4){ref-type=""}).

Reverse Bonnesen-style Wulff isoperimetric inequalities {#Sec4}
=======================================================

To prove reverse Bonnesen-style Wulff isoperimetric inequalities in Theorem [2](#FPar2){ref-type="sec"}, we need the following Wulff isoperimetric inequalities.

Lemma 3 {#FPar12}
-------
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Proof {#FPar13}
-----

The Wulff isoperimetric inequality $$\documentclass[12pt]{minimal}
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By ([36](#Equ36){ref-type=""}), ([37](#Equ37){ref-type=""}) and ([38](#Equ38){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{W}\leq\frac{2A_{K}}{ L_{K,W} } \leq \sqrt{\frac{A_{K}}{A_{W}}}\leq \frac{L_{K,W}}{2A_{W}}\leq R_{W}. $$\end{document}$$ Inequalities ([34](#Equ34){ref-type=""}) are proved.

Inequalities ([38](#Equ38){ref-type=""}), ([37](#Equ37){ref-type=""}) can, respectively, be rewritten as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{A_{K}}{A_{W}R_{W}}\leq\frac{2A_{K}}{ L_{K,W} }, \qquad\frac{ L_{K,W} }{2A_{W}}\leq \frac{A_{K}}{A_{W}r_{W}}. $$\end{document}$$ Together with ([36](#Equ36){ref-type=""}) and the above inequalities, inequalities ([35](#Equ35){ref-type=""}) follow. □

Proof of Theorem [2](#FPar2){ref-type="sec"} {#FPar14}
--------------------------------------------
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Let *W* be a unit disc. Direct consequences of Theorem [2](#FPar2){ref-type="sec"} are as follows.
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The reverse Bonnesen-style inequality ([42](#Equ42){ref-type=""}) is obtained by Bokowski, Heil, Zhou, Ma and Xu (*cf.* \[[@CR4], [@CR27]\]).
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